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Abstract 
LetGbeagraphandletF={F,,F,,..., F,,,} and H be a factorization and a subgraph of G, 
respectively. If H has exactly one edge in common with Fi for all i, 1 < i < m, then we say that 
F is orthogonal to H. Let g andf be two integer-valued functions defined on V(G) such that 
g(x) < f(x) for every x E V(G). In this paper it is proved that for any m-matching M of an 
(mg + m - l,mf- m + 1)-graph G, there exists a (g,f)-factorization of G orthogonal to M. 
1. Introduction 
The graphs considered in this paper will be finite undirected graphs which have no 
multiple edges or loops. Let G be a graph with vertex set V(G) and edge set E(G). For 
a vertex x of G the degree of x in G is denoted by dG(x) and set 6(G) = minde(x). 
Let g andfbe two integer-valued functions defined on V(G) such that g(x) 6 f(x) 
for every x E V(G). Then a (g, f)-factor of G is a spanning subgraph H of G satisfying 
g(x) < dH(x) d f(x) for all x E V(H). In particular, if G itself is a (g, f)-factor, then G is 
called a (g,f)-graph. Let a and b be two nonnegative integers. If for all 
x E V(G), g(x) = a andf(x) = b, then a (g,f)-factor is called an [a, b]-factor. A (g, f)- 
factorization F = {F,, F,, . . . . F,,,) of a graph G is a partition of E(G) into edge-disjoint 
(g,f)-factors Fr, F,, . . . . F,,, . Similarly, we can define an [a, b]-graph and an [a, b]- 
factorization. Let H be a subgraph of a graph G. A factorization F = {F,, F,, . . . . F,,,} 
of G is orthogonal to H if IE(H) n E(Fi)I = 1,1 < i < m. An m-matching of a graph is 
a matching with m edges. Notations and definitions not given in this paper can be 
found in [2]. 
Alspach et al. [l] presented the following problem: given a subgraph H, does there 
exist a factorization F of G orthogonal to H? The purpose of this paper is to prove that 
for any m-matching M of an (mg + m - 1, mf - m + 1)-graph G, there exists a (g, f)- 
factorization of G orthogonal to M. In particular, an (mg,mf)-graph has 
a (g - 1, f+ l)-factorization orthogonal to a given m-matching. Moreover, there is an 
(mg, mf)-graph G such that for some m-matching M there are no (g,f)-factorizations 
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orthogonal to M. Furthermore, we show that the bounds 
mf - m + 1 are sharp. 
mg + m - 1 and 
2. Preliminary results 
Let G be a graph. For a subset S of V(G), we denote by G - S the subgraph 
obtained from G by deleting the vertices in S together with the edges incident with 
vertices in S. For a subset E’ s E(G), G - E’ denotes the subgraph obtained from 
G by deleting the edges in E’. If S and T are disjoint subsets of V(G), we write 
E(S, T) = {xy: xy E E(G), x E S and y E T} and e(S, T) = IE(S, T)l. Let g andfbe two 
integer-valued functions defined on V(G). Let C be a component of G - (S u T) such 
that g(x) =f(x) for all x E V(C). Then we say that C is odd or even according to 
e(T, J’(C)) + CxeV(c) f(x) being odd or even. A component of G - (S u T), which is 
neither odd nor even is called neutral. Let h(S, T) denote the number of odd compo- 
nents of G - (S u T). We write 
f(S) = C f(x) for any functionfandf(0) = 0 I 
XES 
In 1970 Lovhz gave the following result. 
Lemma 2.1 (LovPsz [S]). Let G be a graph and let g and f be two integer-valued 
functions defined on V(G) such that g(x) < f(x)for all x E V(G). Then G has a (g,f)- 
factor if and only iffor all disjoint subsets S and T of V(G) 
6(S, T) = do(T) - e(S, T) - g(T) - h(S, T) + f (S) 2 0. 
Let S and T be two disjoint subsets of V(G). We define s(S, T) as follows: 
E(S, T) = 2 if either S is not independent, or there is an even component C of 
G - (S u T) such that e(S, V(C)) 2 1 or there is a cut edge e of C such that component 
C1 and Cz of C - e are even components of G - e - (S u T); 
E(S, T) = 1 if neither of the above hold and there is a neutral component C of 
G - (S u T) such that e(S, V(C)) 2 1 or there is a cut edge e of C such that component 
C1 or Cz of C - e is an even component of G - e - (S u T); 
$3, T) = 0 otherwise. 
In 1988 the author obtained the following result. 
Lemma 2.2 (Liu [4]). Let G be a graph and let g and f be integer-valued functions 
de$ned on V(G) such that g(x) < f(x) for all x E V(G). Then for any edge of G there is 
a (g, f)-factor containing e if and only iffor all disjoint subsets S and T of V(G) 
6(S, T) = do(T) - e(S, T) - g(T) - h(S, T) + f (S) >, e(S, T). 
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Lemma 2.3 (Bondy and Murty [2]). Let G be a graph with 6(G) > 3. Then G contains 
a circuit of length at least 6(G) + 1. 
3. The proofs of theorems 
In the following let m be a positive integer and let g and f be two integer-valued 
functions defined on V(G) and 0 < g(x) < f( x ) f or all x E V(G). To prove the main 
theorem we first prove the following lemma. 
Lemma 3.1. Let H be an (mg + m - l,mf- m + l)-graph and let M = {eI,ez, . . ..e.} 
be an m-matching of H. Then H has a (g, f)-factor F1 containing el and excluding 
e2, . . . . e,,, such that H - E(F,) is an ((m - 1)g + m - 2,(m - 1) f - m + 2)-graph. 
Proof. When m = 1, clearly the lemma is true. Assume m > 2. It is easy to see that 
G=H-{e2,..., e,} is an (mg + m - 2, mf - m + l)-graph. For each x c V(G) define 
P(X) = max{g(x),Mx) - (m - l)f(x) + m - 2) 
and 
q(x) = min { f (x), dH(x) - (m - l)g(x) - m + 2). 
Since H is an (mg + m - 1, mf - m + 1)-graph, we have mg + m - 1 < mf - m + 1. 
Thus when m = 2,g < f - 1 and when m > 2, g < f - 2. By the definition of p(x) and 
q(x) it is easy to verify that for every x E V(G) 
g(x) < PM < 4(x) < f(x) * 
Set 
A,(X) = do(x)/m - p(x) and d,(x) = q(x) - dc(x)/m. 
We prove that for every x E V(G) and m 2 2 
d,(x) 20 and d,(x) 2 l/m. 
If p(x) = g(x), then 
A l(x) 2 (mgb) + m - 2)/m - g(x) > 0. 
If p(x) = dH(x) - (m - 1) f(x) + m - 2, then 
A 1 (x) 2 dc(X)/m - dH(x) + (m - 1) f(x) - m + 2 
2 &Ax) - 1)/m - dH(x) + (m - 1) f(x) - m + 2 
(3.1) 
2 (mf(x) - m + l)(l - m)/m - l/m + (m - l)f(x) - m + 2 2 0. 
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If q(x) =f(x), then 
d2W = 4(x) - &(x)/m >_fW - @f(x) - m + 1)/m 
=(m- l)/ma l/m. 
If q(x) = dH(x) - (m - l)g(x) - m + 2, then 
d,(x) = dH(x) - (m - l)g(x) - m + 2 - &(x)/m 
2 (m - l)d,(x)/m - (m - l)g(x) - m + 2 
> (mg(x) + m - l)(m - 1)/m - (m - l)g(x) - m + 2 = l/m. 
Let S and T be disjoint subsets of V(G). Since p(x) # q(x) for any x E V(G), we have 
h(S, T) = 0. Thus 
@S, T) = k(T) - 4% T) - p(T) + q(S) 
= (&(T)lm-p(T)) + (g(S) - &(S)lm) + (1 - l/m)&-s(T) + &-AS)lm 
= d,(T) + d,(S) + (1 - l/m)dc-s(T) + d,-&3)/m. (3.2) 
Clearly, by (3.1) and (3.2) we have 
6(S, T) 2 0. 
When S # 8, 6(S, T) > d,(S) 2 l/m > 0. Since 6(S, T) is an integer, We have 
6(S, T) > 1. 
When S is not independent, dGmT(S)/m 2 2/m. We show that 
6(S,T)>2. 
If d,_,(T) # 0, by (3.1) and (3.2) 
6(S, T) > d,(S) + (1 - l/m) + 2/m > ISl/m + (1 - l/m) + 2/m > 1, 
that is 
6(S,T)>2. 
Now we assume that d,_,(T) = 0. If T = 8, then 
S(S, T) = q(S) B g(S) + ISI 2 ISI 2 2. 
IfT#0,thenISI>max xcTdc(x) = d(T). When d(T) 2 m - 1, 
6(S, T) 3 d,(S) + d,-,(S)/m 2 (m - 1)/m + 2/m > 1. 
Thus 
6(S,T)>2. 
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Otherwise, for any x E T, d,(x) < m - 2, g(x) = 0 and q(x) = g(x) + 1 = 1. We have 
d(S, T) = q(S) - P(T) 3 q(S) - (q(T) - I TI) 
= q(S) - (ITI - I TI) = q(S) 2 ISI 2 2. 
Since p(x) #q(x) for every x E V(G), all components of G - (S u T) and 
G - e - (S u T) are neutral where e is any edge of G. We have 
6(S, T) 2 s(S, 0. 
By Lemma 2.2, G has a (p, q)-factor Fr containing el. 
Clearly, F, is also a (g,f)-factor. Set H’ = - E(F,). By the definition of p(x) 
and q(x), 
d&x) = dH(X) - dF1(X) 2 drf(x) - q(x) 
> d&) - (d”(x) - (m - l)g(x) - m + 2) 
= (m - l)g(x) + m - 2. 
Similarly, we have 
k(x) = &f(x) - k(x) < &(x) - P(X) 
d d”(X) - (dH(X) - (m - l)f(x) + m - 2) 
= (m - l)f(x) - m + 2. 
Hence H’ = - E(F,) is an ((m - 1)g + m - 2,(m - l)f- m + 2)-graph. The proof of 
the lemma is completed. 0 
Theorem 3.2. Let G be an (mg + m - 1,mf - m + 1)-graph. Then for any m-matching 
M of G there is a (g, f )-factorization of G orthogonal to M. 
Proof. We apply induction on m. The theorem is trivial for m = 1. Suppose the theorem 
istrueform- l.Weconsiderm>2.LetM’= {eI,ez,...,e,}andM, ={e2,...,e,}.By 
Lemma 3.1 G has a (g, f )-factor Fr containing eI and excluding ez, . . . , e, such that 
G’ = G - E(F,) is an ((m - 1)g + m - 2,(m - 1)f - m + 2)-graph. By the induction 
hypothesis G’ has a (g, f )-factorization F’ = {F,, . . . , F,,,} orthogonal to M 1. Thus G has 
a (g, f )-factorization F = (F,, F2, . . . , F,,,} orthogonal to M. 0 
Corollary 3.3. Let G be an (mg, mf )-graph and g d 5 Then for any m-matching M of G, 
there is a (g - 1, f + l)-factorization of G orthogonal to M. 
Proof. Substituting g and f by g - 1 and f + 1 in Theorem 3.2, respectively, we obtain 
an (mg - 1, mf + l)-graph having a (g - 1, f + 1)-factorization orthogonal to M. An 
(mg,mf)-graph is an (mg - 1,mf + 1)-graph. So the corollary holds. 0 
Set g(x) = f (x) = k for every x E V(G). By the proof of Corollary 3.3 we have the 
following result. 
158 G. Liu/ Discrete Mathematics 143 (1995) 153-158 
Corollary 3.4. An [mk - 1, mk + II-graph has a [k - 1, k + I]-factorization ortho- 
gonal to a given m-matching. 
Remark 1. Let G be an (mg + m - l,mf- m + 1)-graph and let m 2 2. When 
g(x) > 1 for all x E V(G), we have 6(G) 2 2m - 1. By Lemma 2.3, G has a circuit of 
length at least 6(G) + 1 > 2m. Thus G has a m-matching. 
Remark 2. An (mg, mf)-graph may have no (g, f)-factorizations when g(x) or f(x) is 
odd for some x E V(G). When g(x) andf(x) are even for every x E V(G), an (mg, mf)- 
graph has a (g, f)-factorization [3]. But we can construct an (mg, mf)-graph G without 
any (g, f)-factorizations orthogonal to some m-matching M. 
Example. Let k 3 2 be an even integer and let G be an mk-regular graph such 
that V(G) = (Ui,Vi: 1 < i < mk} and E(G) = ({UiVj: 1 < i < mk, 1 < j < mk} - 
u1vfa> v,&n,>, u {wfnk~ v1vdJ. Let M be an m-matching of G such that 
el = ulu,k E M and ez = vlv,,$k E M. Since G - {el, e2} is a bipartite graph, it is easy to 
see that any k-factor of G either contains both e, and e2, or neither of them. So G has 
no k-factorizations orthogonal to M. 
Remark 3. The assertion of Theorem 3.2 is best possible in the following sense: if the 
lower bound mg + m - 1 decreases or the upper bound mf- m + 1 increases, just by 
one, it does not hold again. For instance, the [4u - 2,4u - l]-graph K&_ 1 is not 
[2u - 1,2u]-factorable and the edge set of the [4u + 1,4u + 2]-graph K4,,+3 cannot 
be partitioned into two edge-disjoint [2u,2u + l]-factors where K, is a complete 
graph on n vertices. 
It seems that the bounds in Theorem 3.2 may be improved when m is large enough. 
Finally we have the following question: when does an (mg, mf)-graph have a (g, f)- 
factorization orthogonal to an m-matching? 
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